Traditionally the stability is used as a technical tool while constructing moduli varieties. From its first appearance in the 1960s in D. Mumford's work in the geometric invariant theory the stable and semistable objects Ž w x . were defined in dozens of contexts see, for example, F; K; LT; M; R . It seems practical to make a kind of general scheme for those definitions that would permit us to proceed with the stability considerations in an abelian category and this is done here in the article.
We would gain from this even in the classical case of algebraic coherent sheaves where stability was traditionally defined only for torsion-free Ž w x . coherent sheaves see, for example, OSS, Chap. 2 , and only recently the definition has been generalized to ''coherent sheaves of pure dimension d'' w x by Simpson and Maruyama S; M . In our approach we do not impose initially any condition on the sheaf in question. But ''being of pure dimension'' it becomes the property of stable sheaves a posteriori, one can derive this from the definition.
Section 1 is devoted to the definition and basic properties of a stability for an abelian category. In Section 2 the generalized Gieseker stability for algebraic coherent sheaves is constructed. Then in the next section we discuss another way to construct stability for a category and apply this to generalize the stability that was defined by King for quiver representaw x tions K .
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GENERAL ALGEBRAIC STABILITY
Let A A be an abelian category. To define stability in a category A A we need first a preorder on the objects of A A. We will say that a preorder on A A is given when we can compare nonzero objects of A A that for A, B g Obj A A, A / 0, B / 0, either A $ B, or A % B, or A 7 B is valid and it is possible to have A 7 B even when A / B. DEFINITION 1.1. Let us say that the stability structure on A A is given if there is a preorder on A A such that for an exact sequence of nonzero objects 0 ª A ª B ª C ª 0 we have
We call this property the seesaw property. LEMMA 1.2. Gi¨en an exact sequence of nonzero objects 0 ª A ª B ª C ª 0 and a nonzero object D we ha¨e
Summarizing both properties one can say that the middle term B of the exact sequence is situated in between the side terms A and C in respect to the preorder.
To prove the lemma it is enough to notice that either A U B U C or A # B # C by the seesaw property and the result follows by the transitivity of the preorder. 
We shall call this property the center of mass property.
LEMMA 1.4. Suppose that B has a filtration
where ''lex'' stands for the lexicografic order.
Also we proceed by induction and leave the details to the reader. Proof of Theorem 1. Let us consider the usual ker-im and im-coker exact sequences for
As / 0 so I / 0. By the definition of semi-stability
Ž . Ž For b we need to mention that I / B implies I $ B because B is . stable in contradiction with I 7 B that we have got above. We proceed Ž . Ž . similarly with c and d .
As usual one can expect also a kind of Harder᎐Narasimhan filtration to exist. For this we need to assume additional properties.
Let us use in the following the convenient shorthand notations like Ž . A ; ; U B , instead of writing A ; B and A U B with obvious variations . Here A ; B does not exclude A s B.
As usual we call B noetherian if an ascending chain in B stabilizes and say A A is noetherian when any object of A A is noetherian. in B has to stabilize. We call A A q-noetherian if any object in A A is q-noetherian.
Of course the condition of being q-noetherian is weaker than being noetherian.
. Let us call B weakly artinian or w-artinian if a chain
in B has to stabilize. The same way we call A A w-artinian if any object in A A is w-artinian.
Remark. B being w-artinian implies that a chain
$иии in B has to be finite.
PROPOSITION 1.9. Let B be q-noetherian and w-artinian then it exist a subobject B
࠻ in B such that: Asuch that
The same is valid for A and so on. We have to come to a semistable 2 subobject after a finite number of steps because the infinite chain Proof of the lemma. We have two standard exact sequences
In the former case A s U, in the latter A l C U A because A is semistable, and A U U by the seesaw property applied to the first sequence. Hencefore A U U in both cases.
We know C $ A so C $ U. Thus the second sequence implies that Ž . C$ AqC by the seesaw property.
We conclude that CЈ s A q C satisfies the lemma.
Proof of Proposition 1.9. The uniqueness of B ࠻ is clear, we are to prove the existence.
Let us call for the moment a subobject C / 0 in B greedy if for a semistable A in B the property A % C implies A ; C.
The B itself is greedy and for any E / 0 in B we can construct a greedy C # E as follows.
If the subobject C s E does not satisfy the condition then it exists a is impossible as B is q-noetherian. We would like first to prove the existence of B* that satisfies the Ž . property a .
Ž . If B does not satisfy a then we construct a greedy object B ; ; % B. in B has to stabilize also. We call A A w-noetherian if any object of A A is w-noetherian.
Of course ''noetherian'' implies ''w-noetherian'' and ''q-noetherian. Ž . Proof of Theorem 2. To prove the uniqueness let us notice first that the last term of a filtration is uniquely defined by Propositions 1.13 and 1.9. From this it is easy to get the result by induction.
Suppose that A A satisfies the conditions of Theorem 2. To construct the filtration let us define
Ž .
y Ži q 1 .
Clearly a factor G s BrF is semistable and G $ G by the seesaw property applied to the sequence
From Proposition 1.4 one concludes that
Since B is q-noetherian so F yŽ mq1. s B for some m and we have only to shift the indices to get the filtration as it is needed for the theorem.
Remark. The author can prove a kind of a dual statement to Proposition 1.9 but with a bit stronger condition on B. Let B be noetherian and w-artinian then it exist a factorobject B for B such that: One can also construct a Jordan᎐Holder filtration in a semistablë object.
THEOREM 3. Suppose A A is w-artinian and q-noetherian and B is a semistable object of A A. Then B has a filtration
It is well known that the category of algebraic coherent sheaves on a projective variety is noetherian. The same is the category of finitely generated graded R-modules where the algebra R is commutative and finitely generated over a field ‫މ‬ -. We would like to construct a stability structure for these categories.
In both cases an object of a category has ''a characteristic function.'' For a sheaf A on a variety X it is:
For a graded module A s [ A let it be the Hilbert᎐Samuel function:
This justifies the following definition.
DEFINITION 2.1. Let us say that a characteristic function is defined for a category A A if it is defined for any object A a function P : ‫ޚ‬ ª ‫ޚ‬ is w Ax defined with the properties:
i given an exact sequence 0 ª A ª B ª C ª 0 we have P n sP n qP n for n 4 0;
ii P s 0 if and only if A s 0;
w Ax
Ž .
iii for n 4 0 the function P becomes a polynomial which has a w Ax positive highest coefficient when A / 0.
Remark. It is well known for the functions we have discussed above for coherent sheaves and R-modules that they have these properties.
It follows from the definition that if
Without loss of generality we can suppose from now on that P denotes The polynomial stability structure is define by conditions:
A $ B mthe first nonzero term in ⌳ is positive.
Remark. Of course it follows that
A % B m the first nonzero term in ⌳ is negative.
We have to check the transitivity of the preorder and the seesaw property.
Clearly the first nonzero minor in ⌳ will be equal to the product of
the highest coefficients of P and P which are positive.
where ''-'' is used for ''lexicographically less'' . lex This amounts to the straight check according to the definition. It follows from Lemmas 2.3 and 2.4 that the preorder is transitive.
Remark. In a sense one can consider Definition 2.2 as a way to define an order on a projective space. This order coincides with the lexicographic ÄŽ . 4 order on the affine chart 1 : a : иии : a and the ''infinite'' points for some large enough s.
Ž . Ž . Then the property P n ) P n for n 4 0, and r G s is equivalent to One only have to remember that coherent sheaves are noetherian and they are w-artinian as well, by the above proposition.
w x
Remark. Let us remind M that a coherent sheaf F on X is said to be Ž . of pure dimension d if dim Supp F s d and for every nonzero coherent Ž . subsheaf FЈ of F, we have dim Supp F s d.
Ž
Clearly it follows from our definitions and Lemma 2.3 that a stable for . the generalized Gieseker stability sheaf is ''of pure dimension'' and that the Simpson᎐Maruyama-stable sheaves are the same as the generalizedGieseker-stable sheaves in the end result.
RATIO OF ADDITIVE FUNCTIONS STABILITY
w x Another, perhaps more usual way to define the stability F; K; LT; OSS is via a ratio of two additive functions and this is what we are going to discuss in this section. 
